To RICHARD BRAUER on his sixtieth birthday NOBORU ITO Let Ω be the set of symbols 1, 2, . . . , 3p, where p is an prime number greater than 3. Let © be a transitive permutation group on 4?, which is simple and in which the normalizer of a Sylow /^-subgroup has order 2p. Our purpose is to prove the following two theorems: THEOREM 1. If (S is primitive on Ω, then p = 5 and © is isomorphic to the alternating group 3I 6 of degree 6. THEOREM 
THEOREM 2. If % is imprimitiυe on Ω, then © is isomorphic to the linear fractional group LF
m ) with 2 m +l=p.
Our proof of Theorem 1 is fairly complicated. Theorem 1 implies that such a group ® cannot be doubly transitive. This fact will be proved in § 2. There the irreducible characters of dimension two of the symmetric group on Ω play an essential role as in our previous papers [14] , [15] . We need also, however, recent result of Thompson [18] concerning groups of odd order. In § 3 we treat, roughly speaking, the almost doubly transitive case. There a result of Wielandt concerning the eigenvalues of intertwining matrices is very useful [21] . With the help of this theorem of Wielandt, some results of Brauer and Suzuki [4] , [17] concerning groups whose Sylow 2-subgroups are dihedral groups of order either 4 or 8 respectively can be used. In § 4 we consider, roughly speaking, the strongly simply transitive case. For this case we need again some deep results.
Theorem II is a simple consequence of our previous result [14] .
Finally, we want to emphasize that we need from beginning to end Brauer'ŝ -block theory of irreducible characters. 1. Since (3 is simple, the normalizer of a Sylow ^-subgroup of (S is a dihedral group of order 2p by the splitting theorem of Burnside. Hence the principal ^-block Blip) of irreducible characters of © consists of two nonexceptional characters, the principal character A and the other character X, whose degree is congruent to ±1 modulo p, and a family of ~γ (p-l) pconjugate exceptional characters C, (ι = l, . . . , -κ-(p -1)). The equation where ε = ± 1 according as the degree of X is congruent to it 1 modulo p. Let P be an element of order p. Then we have (2) X(P) = ε and -y(p-l) ( 3) Σ C,(P)= -e.
All the other irreducible characters Dy (/ = 1, 2, . . .) of (S belong to ^-blocks of defect 0( [3] , §1).
We consider © as usual as a linear group consisting of permutation matrices.
Let a be the character of © in this sense. Then for every element X of (S a(X) denotes the number of symbols of Ω fixed by X Since (S is transitive on Ω, the decomposition of a into its irreducible components is as follows: Put JY"=l*in (4) . Then from (1) and (6) we have (7) 3^ = 1 + *X(1) + (* + e) -~ (j>-1 )(X(1) + ε) + Y(l).
Now assume that ε = l. Then since (S is simple and hence X(l)>i>+1, we obtain from (7) which implies the contradiction p^5. Hence ε= -1. Next assume that xT hen since (S is simple and hence X(l)^p -1, we obtain from (7) which implies the contradiction p ^ 5. Hence x = 1 and c = 0 by (6) . Now let us assume that p = 5. Though it is a little troublesome to handle with this case from the beginning, all the primitive groups of degree lδ are known. There are 6 types of such groups. Among them only the group, which is isomorphic to 3ί 6 , appears here. Therefore it is easy to check the validity of (δ) in this case.
Put X = B. Then (1), (2) , (3) and (4) can be rewritten as follows:
(1.1) A(X)-4-C, U)=B(Z)(ί = l, 2, . . . , γ(p-(2.1) B(P)=-1.
-f-(P-i) (3.1) Σ C;(P) = 1.
i = l (4.1) cc(X) •= A{X) +B{X) + Y(X).
3. Let / be an involution in the normalizer of the Sylow ^-subgroup <P> of ( §>. Let g and z denote the orders of (S and the centralizer of /. Then applying the method of Brauer-Fowler ( [7] , (23) where Z ranges over all the irreducible characters of ® belonging simultaneously to Bι(p) and £i (2) . But the left hand side of (13) equals l+(3ί-l)(-l) = -(3p-2), which is a contradicition. Hence Bt (2) contains all the C, 's. On the other hand BΛ2) consists of five characters ( [5] , [17] and for a detailed presentation see [13] We want to show that
To this end, we first compare the values of both sides of (19) and (20) at R Then using (2.1), (3.1) and a theorem of Brauer-Nesbitt ( [8] , Theorem 1)
we obtain from (16) and (17) the equalities 1= ~b-\-c and 0= -δ'-f c'.
Next let us observe the generalized character (X : . -X..)B. Then we have
(by (15) Y {Sp -l)(3p -2) = jf (p -1)(3p -2).
Hence (28) turns out to be an equality. This means that there exist just p -1 domains of transitivity of $ from T 2 and every domain of transitivity of 2 from T-{3) has length 3. The latter fact implies that 2 is an elementary abelian 3-group. It is easy to check that the normalizer of 2 in $ coincides with 2
Therefore by the splitting theorem of Burnside ® contains the normal 3-complement 9ft of order 3^-2. Every element =*F1 of 2ft fixes just two symbols of Ω, 1 and 2. Now let / be an involution of (3 with the cycle structure (12) (3) .... Then / normalizes $ and therefore 9ft. By (15) The degree i must be odd by (15) . Therefore using a theorem of Zassenhaus [24] we obtain that iVs2/2 is isomorphic to LF(2, 2 m ) with 2 m + l = ι.
In these circumstances let us assume at first that 2 has at least one domain of transitivity from T whose length is greater than 3. Now we can show that
To this end let Ψ be a domain of transitivity of 2 from T with length />3. 
Let assume that i*^\J p . Then we obtain from above the following inequality :
which implies that So we obtain that p^ 37. Since p = -1 (mod 4) by (15) we have only the following possibilities p = 7 11; 19; 31. Furthermore 3/>~l must be divisible by 32, because m is odd and bigger than 3. The last fact follows from the fact that any Sylow 3-subgroup of 2 has index 3 in a Sylow 3-subgroup of ©.
Then we see that only the case p = 11 is possible. But if p -11, we must have that S = 1, which contradicts our assumption on 2.
Let j be the number of domains of transitivity of 2 with length 3 from T.
Then by a theorem of Bochert [1] we have that
Now there exist at most domains of transitivity of $ from T 2 . Here we notice that the number in (27) is not smaller than p -1, because it is shown to be impossible in 8 that all the a/s are zero. Then we have the following inequality which implies
So by (30) and (31) we obtain the following inequality which implies that p ^ 37. This has already been shown above to be impossible. 10. Next we consider the subcase £ = 1. In this case the equations (19) and (20) (22), (23), (24) and (25) we have now
Furthermore corresponding to (26) we have now 
By (18) and (22.1) we see that the left hand side of (33) Let Φz be the set of all the symbols of T(l) + 7X2) + T(3), each of which is fixed by all the permutations of S3.
In the first place, let us assume that Φ% is contained in 7X3 12. Now we are in a position to apply a method of Wielandt [21] . By 
V(T(i)) is
Mi, N ow as in [21] we obtain the following:
j) is a rational integer (i=l, 2; 7 = 1, 2, 3), and zii, l) = f, , z(i, 2)*U and z(i, 3)^ί, (ί=l, 2).
(ii) 2(ι, l)+jpz(t, 2) + (2i>-l) 2 (ί, 3)=0.
(iii) 2(1, l) 2 + ί2(ι, 2) 2 +(2i>~l)2(ί, 3) 2 = 3^, .
Furthermore since W possesses the eigenvalues 3p and 0 in the multiplicities 1 and 3p -l respectively, by (46) we have the following equalities:
From (i) and (ii) we derive at once that (49) 2(1, 3)Ξί, (modi).
Moreover we obtain from (iii) that
In fact assume that Among different combinations of (51) and (52) (54) and (55) tells us that the exact powers of 2 dividing tx and t 2 are 2 and 8 respectively.
13. Let © be a Sylow 2-subgrouρ of ©, which is contained in £>. Since Moreover an ordinary transfer argument (see for example [193) assures us that £ cannot be abelian. Therefore if © is of order 8, we see, using a theorem of Brauer-Suzuki [9] , that © is a dihedral group.
Our next aim is to show that the order of © cannot be 16 we obtain from (61) and (62) the following equality:
"" 2(0-1? ' (63) implies at once that e' = -1. Furthermore it is easy to check that the right-hand side of (63) is smaller than -~ and that the left-hand side of (63) is greater than -g-. In the latter case we use the congruence X{(1). = e' (mod 8) due to Brauer and Suzuki. This is a required contradiction. Hence £> contains a normal subgroup ξ>* of index 2.
Then we want to show that £>* contains no normal subgroup of index 2.
Assume that £>* contains a normal subgroup of index 2. Then £> is 2-nilpotent.
Let £>'(2) denote the 2-commutator subgroup of €>. Then the index of £>' (2) in £> equals 4. It is eas^ to see that Ω is divided into either 5 or 7 domains of transitivity of €>'(2). But if Ω is divided into 5 domains of transitivity of H\2), we obtain the same contradiction as at the end of 13. So let us assume that Ω is divided into 7 domains of transitivity of §'(2). Then it follows that © is semi-regular on T(2). Anyway we can use the same notation as in 13.
(Instead of A 4 there we must consider here A 2 ). Then we have the equations *. Further we need the second formula of Suzuki concerning the order of (S, which is, "using the facts Xj = B, ε = 1 and ε ; = 1 in (60), stated as follows:
From (61) and (66) we obtain the equality (68) y-luu\U2.
From (67) and (68) we obtain at once that (70) and (71) we obtain from (65) and (66) the following equality:
Obviously the right-hand side of (72) 
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This implies that p ^ 11. Since β = l (mod 4), we can conclude that p = 5.
Thus again we have only to check six primitive groups of degree 15 and will find that only the group isomorphic to % satisfies our requirements. It may be convenient to refer to some data: p -5 ti = 6, t% = 8; 2(1, 2) = -3, z(2, 2) = 2, 2(1, 3) =1, 2(2, 3)= -2;^=M = I#I = «2=1 = 1; X*(l) =3, X a *U) = Xs*(l) § 4. The case in which the degree of B is p -1.
15. Now let us consider the case in which the degree of B equals p -1.
Then (4.1) takes one of the following forms:
where Di is an irreducible character of ® with degree 2p; of involutions in £>. Assume that h = 1. Then the normalizer Ns$ of ξ) in © contains an element whose cycle structure has the farm (21 ...)... and is bigger than £>. Then by the primitivity of (S we must have © = Nsξ>, which implies by the simplicity of @ that €> = 1. Then the order of © equals 3p, which contradicts the simplicity of ©. Thus we have that h>l. Now Γ(l) contains at least one symbol, say 4, different from 2. Since 7XD is a domain of transitivity of ξ), there exists a Sylow 2-subgroup ©* of φ such that ®* fixes the symbols 1, 4 and x, where x is a symbol of T(2). Let U be an involution in ©*, which is not conjugate to V. Then by a theorem of BrauerFowler ([71 Lemma (3 A)) there must exist an involution / of £> which is commutative with U and V. Since every permutation # 1 of a Sylow 2-subgroup of €> fixes the same symbols, this implies that / must fix at least four symbols 1, 2, 3 and 4 contradicting (73). This contradiction shows that Case (4.6) does not occur. We see from (44.3) that either every f; is even or just two of them, say ti and ? 2 , are odd. Assume that the former case occurs. Then the method in 16 can be applied and we obtain a contradiction. Therefore we can assume that the latter case occurs.
If there exist more than one class of involutions in ξ>, then the method in 17 can be applied and we obtain a contradiction. Therefore we can assume that all the involutions in § are conjugate one another in §. Then as in [21] we obtain the following: Then since w is even, the order of 9ft is divisible by 3. Hence 9ft contains a (uniquely determined) subgroup of index 3, because the factor group of 9ft by its Sylow 2-subgroup is cyclic. Therefore such an LF(2, 2 m ) can always be represented (uniquely) as an imprimitive permutation group of degree 3p.
